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(-H Four-dimensional supersymmetric J\f = I vacua of type IIB supergravity are elegantly de- 

'— ' scribed by generalized complex geometry. However, this approach typically obscures the 

C\J SL(2, M) covariance of the underlying theory. We show how to rewrite the pure spinor equa- 

^ tions of Graiia, Minasian, Petrini and Tomasiello (hep-th/0505212) in a manifestly SL(2,]R) 

\Q covariant fashion. Solutions to these equations fall into two classes: "charged" solutions, 

such as those containing D5-branes, and "chargeless" solutions, such as F-theory solutions 
in the Sen limit and AdS4 solutions. We derive covariant supersymmetry conditions for 
the chargeless case, allowing general SU(3) x SU(3) structure. The formalism presented 
here greatly simplifies the study of the ten-dimensional geometry of general supersymmetric 
compactifications of F-theory. 



1 Introduction 

The first step towards understanding the phenomenological implications of string theory is 
to understand the four- dimensional vacua of the theory. These vacua are thought to be 
numerous fl] , though many subtleties remain to gain a complete understanding of even one 
example. Progress has been hindered by the appearance of apparent fiat directions (moduli) 
in the scalar-field effective potential of supersymmetric vacua. Known solutions to this 
problem involve nonperturbative effects [2]-|4]. 

Supergravity, the low energy limit of string theory, has so far proved to be an invaluable 
tool in the pursuit of vacua. In particular, the study of Calabi-Yau geometry has yielded 
a detailed understanding of the massless spectra of unstabilized A^ = 1 orientifolds (see 
e.g. J5]). Naturally, one would like to classify all string vacua if possible. While this is a 
very difficult problem, significant progress can be made if we restrict our attention to vacua 
with a geometric supergravity description, with the necessar}|^ addition of localized brane 
sources. The geometry of such vacua need not be Calabi-Yau in any sense, and more general 
tools are needed. 

In the case of unbroken A^ = 1 supersymmetry, significant progress in this direction has 
been made already using generalized complex geometry IgIJT]. Grafia, Minasian, Petrini, and 
Tomasiello (sl M have shown that the conditions for unbroken J\f = 1 supersymmetry in type 
IIA/B supergravity can be rewritten as a set of relatively simple algebraic and differential 
conditions on a pair of compatible pure spinors. Supersymmetric brane embeddings may 
also be described elegantly using generalized calibrations 10-12]. Moreover, a few explicit 



examples of solutions of this type are now known in type IIA 



23 24 



9|ll3j |22| and IIB g [l9| |2l| 



One serious drawback of the pure-spinor equations of [8] is that they obscure the SL(2, M) 
invariance of type IIB supergravity. Though this may seem to be merely an aesthetic prob- 
lem at first glance, it becomes a serious obstacle in the presence of nontrivial SL(2, Z) mon- 



odromies, such as arise in F-theory compactifications (see e.g. 25, p6]). Though the pure 
spinors are invariant under axion shifts, and transform in a known fashion under orientifold 
involutions [o], their behavior under more general SL(2,M) transformations is significantly 
more complicated, and, we believe, not previously described in the literatureQ^] 

It is therefore advantageous to restate the A/" = 1 supersymmetry conditions in an 
SL(2,M) covariant fashion, both as a consistency check, and to better describe the geometry 
of stabilized F-theory compactifications. In this paper, we carry out this computation for 
a special, yet important, class of "chargeless" solutions. In particular, all AdS4 solutions 
are chargeless, and, we will argue, such solutions encompass all possible supersymmetric 
deformations of SU(3) structure F-theory compactifications. We find that the covariant cou- 



sin particular, local sources of negative tension (e.g. 0-planes) are required for a geometric vacuum 
solution with Af < 1 supersymmetry and a non-negative cosmological constant. 
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Some of the results presented in this paper were referenced in 24 without proof. 



In principle, some of these results may be encoded in the far more ambitious approach of exceptional 



generalized geometry 27-29 , though decoding them is far from trivial. 



ditions obtained here are easier to work with than the original pure spinor equations, though 
they are less compactly stated. 

While the general conditions for A/" = 1 supersymmetry are interesting in their own right, 
the problem of moduli stabilization provides additional impetus for studying them. It has 



been suggested 30 that gaugino condensation on seven-branes, a key ingredient of moduli 



stabilization in several scenarios, sources a generalized complex geometry. An improved 



understanding of such geometries (see 24, 31, 32 ) could lead to a better understanding of 



known scenarios for moduli stabilization, or to additional scenarios for stabilizing moduli. 

In ^ we review the algebraic and differential conditions for unbroken M = 1 supersym- 
metry, as laid out by fsl. In ^ we review the SL(2,M) covariance of type IIB supergravity 
and rewrite the pure spinor equations in Einstein frame. We then show that M = 1 solu- 
tions fall into two classes, which we call "charged" and "chargeless," and review chargeless 
SU(3) structure, the well-known "F-theory" solutions. In ^ we show how to characterize 
the SU(3) X SU(3) structure of a general chargeless solution in terms of SL(2,]R) covariant 
forms, and, writing the pure spinors in terms of these forms, we derive SL(2,M) covariant 



supersymmetry conditions for these solutions, (4.33 - 4.38[ ). (The technical details of this 
computation are presented separately in appendix |A[) In preview the flux equations of mo- 
tion and show that they follow from the supersymmetry conditions and Bianchi identities. 
We also show that the flux superpotential proposed in 30 is SL(2,]R) invariant. In dolwe 
discuss future directions and conclude. 



2 The pure-spinor equations for general J\f = 1 vacua 

The supersymmetry transformations of type IIB supergravity are generated by two ten- 
dimensional Majorana-Weyl spinors of the same chirality, which we denote by e*, for i = 1,2. 
For J\f = 1 solutions, these should be determined by a single four-dimensional Weyl spinor 
C+ (the generator of A/" = 1 supersymmetry transformations.) The most general relation 
compatible with unbroken J\f = 1 supersymmetry is Is] 



e* = C+®^V + C-®^-, (2.1) 

where ri\_ are a pair of fixed positive-chirality internal spinors and C_ and r/l are the Majorana 
conjugates of (+ and r]\. respectively. 

We construct bispinors 'X^ and 'X_ from the spinors t]!,.: 

t± = -8iT]l ® ^t . (2.2) 

Using the Clifford map, 'f^. can be rexpressed as polyforms T± [9] 

^± = E ^(Tf'±)S...n^.dy'"^ A . . . dy-^ ^^t± = Yl i(^±)S...n.,7™^-'"^ (2.3) 

p p 

where ^"^i-.-^p = ^["^i . . . ^'"pl denotes the antisymmetrized product of gamma matrices. 



As direct products of spinors, the bispinors 'X^ are not generic, and satisfy certain alge- 
braic constraints. We review these constraints in §2.1 rewriting them as constraints on the 



polyforms T± using the language of G-structures. Unbroken supersymmetry imposes addi- 



tional differential conditions on the polyforms T±, which we review in ^2.2 Taken together 



the conditions in §2.1| and §2.2| are sufficient for unbroken J\f = 1 supersymmetry, and it is 



no longer necessary to construct the original spinors rj^. explicitly. 

2.1 Algebraic constraints — SU(3) x SU(3) structure 

The algebraic constraints on 7^_|_ can be expressed in terms of pure spinors. A pure spinor is 
a spinor which is annihilated by one-half of the gamma matrices in the associated Clifford 
algebranthe maximum possible number. Spinors of SO((i) for d < 6 are always pure, whereas 
for d > 6, purity imposes a non-trivial constraint. 

Bispinors of SO((i) can be viewed as spinors of SO{d, d), whose associated Clifford algebra 
consists of the d gamma matrices of SO((i) 7"^ acting on the left F^ = 7"^ ® 1 and the 
same gamma matrices acting on the right combined with the bispinor chirality operator 
r^ = (1 O 7™)r, where 1 = 707 = (-l)"'/^(7^ . . 7^^) ® (7^..7'^). Left-acting and 
right-acting gamma matrices commute, whereas all gamma matrices anticommute with the 
chirality operator F. Thus, F™ and F^ satisfy an SO{d,d) Clifford algebra: 

|pm^pn| _ 2 5™" , {F^^,F^} = -2 5'"" , {F^,F^} = (2.4) 

Viewed as spinors of SO(6,6), the bispinors 't± are pure; they are annihilated by three 
left-acting gamma matrices and three right-acting gamma matrices due to the (automatic) 
purity of the 77!^ in (i = 6. Moreover, the three left-acting gamma matrices F!,_ are common 
annihilators of 't^, and the three right-acting gamma matrices F*_ which annihilate 't^ also 
annihilate 't_ = 8ir]}_ ® rj'^^ , where 't = CT C^ denotes the charge conjugate of a bispinor 
and C is the (unitary) SO (6) charge conjugation matrixjj 

Thus, the bispinors ^j^ divide the twelve-dimensional space of bispinor gamma matrices 
into four (complex) subspaces V+ = {F*,_}, V- = {FL}, and V± = {F!j_"''}. The subspaces V+ 
and V_ are positive and negative respectively, in the sense that {F*,_, F-'^"''} is a positive-definite 
Hermitean matrix, defining an SU(3) Clifford algebra, whereas {F^, Fl^} is negative-definite. 

It turns out that the properti es e numerated in the last few paragraphs are sufficient to 
estabhsh that 'fj. take the form (|2.2) for some spinors r]\_ pj. We say that SO (6) bispinors 



Xi are compatible pure spinors if the spaces V± defined above are of dimension three and 
respectively positive and negative in the sense defined abovejj Thus, 't± are compatible 



pure spinors if and only if they take the form (2.2). Moreover the 77!^ can be reconstructed 
from 't±, up to the obvious rescaling 77^ — )■ A?7^ and 77^ — )• X'^rj'^ for real A jsl. 



We take the Clifford algebra to be even-dimensional. 
We use the spinor conventions of 
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^These conditions are sufficient to esta 



Dlish the purity of 't'± , and generalize readily to any even dimension. 



It is convenient to re-express the requirement of compatible pure spinors in c? = 6 in terms 
of the polyforms T-t using the language of G-structures. In special cases, T-t define SU(3) 
or SU(2) structures on the tangent bundle. We review the properties of SU(3) and SU(2) 



structures in §2.1.1 before applying them to the general case in ^2.1.2, where T± define an 



SU(3) X SU(3) structure on the tangent plus cotangent bundle. 

2.1.1 SU(3) and SU(2) structures 

A G-structure on a real (complex) rf- dimensional vector bundle is a subbundle of the as- 
sociated vector bundle with reduced structure group G C GL((i, M) (G C GL{d,C)). An 
almost complex structure on a (i-dimensional manifold defines a GL{d/2,C) structure on 
the tangent bundle by restricting to holomorphic bases. With the addition of a hermitean 
metric, the structure group is reduced to \J{d/2) by restricting to orthonormal frames. The 
structure group may be further reduced to SU{d/2) using a complex non-degenerate "volume 
element", that is a globally defined decomposable d/2 form Q satisfying Q Afl ^ 0. In fact, 
the entire S\J{d/2) structure may be specified using Q (which specifies the almost complex 
structure) and a nondegenerate two-form, J, the Kahler form, where the two must satisfy 
the compatibility condition, J AQ = 0, and the associated metric must be positive definite. 
It is conventional to normalize such that 

^J" = — (-l)"(""')/'fiAfi7^0, (2.5) 

which combines the nondegeneracy conditions for J and Q, where n = d/2. The positive- 
definiteness of the associated metric is equivalent to the condition: 

-iJ{v,v)>0, (2.6) 

for any nonvanishing holomorphic vector v (i.e. satisfying v ^ 0,iyQ = 0). This last 
condition is "topological," since the nondegeneracy of J implies that the associated metric 
is positive definite everywhere so long as this is true at any one point. 

Given an SU((i/2) structure, the defining forms J and fi can be uniquely reconstructedH 
Moreover, associated to any S\J{d/2) structure, we have a conjugate SU((i/2) structure, 
defined by —J and i7*. 

By providing a global decomposition of Q into lower-rank forms, we obtain a reduced 
structure group. For d = 6, the only nontrivial example of this is an SU(2) structure, where 
we decompose 

fi = fi2Ae. (2.7) 

Taking O to be holomorphic and orthonormal with respect to the metric defined by Q,J, 
and Q2 = ^'•e^, we see that J2 = J — Ji has rank two, where Ji = |0 A O. The SU(2) 



^Given a local holomorphic orthonormal frame {9^, . . . , 6*"}, fi = 0^ A . . . A 0" and J = ^5fj9'^ A 6^ . 



structure, defined by O, J2, and ^2, must satisfjjj 

J2 A 1^2 = ^2 A ^2 = , ^2 A ^2 = 2J^ , Ji A J2V , (2.8) 

and the associated metric must be positive definite as necessary and sufficient conditions for 
J2, ^2, 6 to define an SU(2) structure. Tliis last condition can be restated as tfie requirement 

-iJ2iv,v)>0, (2.9) 

for any nonvanisfiing vector v satisfying ^^^2 = l^Q = l^Q = 0. As before, this requirement 
is topological, given the nondegeneracy of J2. 

An SU(2) structure induces a natural decomposition into "base" (^2,^2) and "fiber" 
(0, 0) directions; a nonvanishing vector v is said to "point along the base" if l^Ji = 0, and 
along the fiber if LyJ2 = 0, and a nonvanishing one-form u is said to point along the base if 
w A J| = 0, and along the fiber if w A Ji = 0. 

The conditions on an SU(2) structure possess a remarkable symmetry. To make this 
manifest, we define a vector of real two- forms f2* = {Re ^2, Im fl2, J2} and the real four- form 
074 = J|. The SU(2) structure conditions may now be rewritten aa^ 



n^ A n^ = 6'^Ui , Ji A W4 7^ , (2.10) 

together with the condition that the associated metric is positive definite, which can be 
rewritten as: 

-e^Jk^'{v\v'')>0, (2.11) 

where f* is any nonvanishing triplet of real vectors satisfying Siji^iQ^ = 0. Thus, given an 
SU(2) structure {fl\ 0), we can obtain a new SU(2) structure by performing an (in principle 
spatially dependent) S0(3) rotation on the f2*. Moreover, the induced metric is invariant 
under these rotations. The induced SU(3) structure J = Ji + J2, fi = ^2 A is not 
invariant. Thus, an SU(2) structure defines many different SU(3) structures |34j, depending 
on the choice of rotation. 

2.1.2 Compatibility and SU(3) x SU(3) structure 

We return to the compatibility conditions on T-t using the language of G-structures laid out 
in the previous section. 

A bispinor 'f is pure if and only if the corresponding polyform takes the form 

T = Qk^e^-'\ (2.12) 

for real two-forms B and J, where Q^ is a decomposable fc-form and k is the type of the 



pure spinor. Even (odd) chirality pure spinors have even (odd) type; thus, by (2.2), T+ is 



^The condition fl2Ail2 ~ implies that ^2 is rank one (viewed as an antisymmetry matrix,) and therefore 
decomposable, whereas the conditions 2 J| = il2 A ^2 7^ and J2 A ^^2 = imply that J2 is rank 2. 
^The algebraic structure is similar to that of hyper-Kahler manifolds. 



even rank and T_ is odd rank. It turns out that the only (T+,T_) types consistent with 
the compatibihty conditions are (0,3), (2, 1), and (0, 1). The types of the pure spinors can 
change over the compactification manifold, a phenomenon known as "type-changing." 

The compatibility conditions on T± can be restated as the requirement that T± define a 
local SU(2) structure (types (0, 1) or (2, 1)) or SU(3) structure (type (0, 3)). If (0, 3) O (0, 1) 
type-changing occurs, then neither G-structure is globally defined. 

To restate the compatibility conditions in this way, it is helpful to work with normalized 
pure-spinors. The bispinor norm corresponds to the Mukai pairing: 

(vl/,$)^[xl/A(-lp-^)/'<l>]top, (2.13) 

where p measures the rank of a form, pFp = pFp. We have 

(T+, T+) = (T_, T_) = (-2^) Va/A , (2.14) 



where fie is the volume element of the metric used to define the spinors, and fa = rf^r]^ 



fh = rf^rj^. We define normalized polyforms^^ 



+ ' 



y JaJh 



so that (^+, ^+) = (^_, ^_) = {-2ifVLQ. 

One can show that, wherever ^>± have types (0,3), they must take the form 

$+ = e'^e-'-^ , ^_ = fi , (2.16) 

where J and Vt define an SU(3) structure and d is an additional phase factor. By contrast, 
wherever \I'-|- have types (0, 1) or (2, 1), they must take the form (see e.g. [35]): 



^^ = e^V^^i A [c^e-^-^^ - s^fia] , ^- = 6 A [c^f^s + s^e"^^^] , (2.17) 

where 9, J2, ^2 define an SU(2) structure, ip is the "spinor angle," and we use the shorthands 
c^p = cos ip and s^ = sin (p. Though the types of the pure spinors '^± may vary across the 



compact space, either (2.16) or (2.17) must apply at any point; as such, these two equations 
are equivalent to the compatibility conditions. 

The pure spinors ^± have types (2,1) where (p = Tr/2 and types (0,3) where y? = 0, 
though in the latter case the SU(2) structure need not be well defined, and only fi = 6 A ^^2 
and J = Ji + J2 need be single-valued, defining a (local) SU(3) structure. Otherwise, for 
generic spinor angles such that s^, c^ 7^ 0, the pure spinors have types (0, 1). 

From the perspective of generalized complex geometry, '^± define an SU(3) x SU(3) on 
the tangent plus cotangent bundle [TI |35] . This is not essential to our discussion, though we 



refer to the compatible pure spinors as an SU(3) x SU(3) structure for want of a better label. 



^'^The case of vanishing norm, fa — or ft — 0, is not encompassed by the approach of Isl. 



2.2 Differential constraints 



Having stated the algebraic conditions on T± in the form (2.16, 2.17), we now review the 



differential conditions on T± and the spinor norms fa and ff, for unbroken A^ = 1 supersym- 
metry. 

We adopt the supergravity conventions of [SJ |9] in string-frame. Subsequently, we em- 
ploy compatible Einstein-frame conventions, which are outlined in §3.1 The string-frame 
compactification metric takes the form: 



ds 



,2A(S)(j,) , 2 



(^)-e- -'dsl,^+g^J:iiy)dy"^dy- 



(2.18) 



where A^^^ is the string-frame warp factor, gmn is the string-frame warped metric, and dsj^-, 
is a maximally isotropic four- dimensional metric (either Minkowski or anti-de-Sitter.) We 
define the field-strength polyform 



F = Fi + F3 + K 



(int) 



(2.19) 



where Fg ° denotes the internal components of F^ 



:i+* 



^(int) 



.(■5) 



Ft'^ + e^^'''n,A 



;re r^ ueuoies me luieruai compouenis oi r^, = yi -t-^ioj-Tg = ^5 -t- e 1^4 /\ 
F5'" Pj so that F has internal components only. In terms of F, the source-free RR 



equations of motion and Bianchi identities take the form 



d^F = , dn 



AA(S) JS) 



n"F 



0, 



(2.20) 



where dnF = dF- H AF. 

The Cliffo rd ma p is frame-dependent; we denote polyforms constructed using the string- 
frame metric (2.18) with a superscript, as in Tj_ , and those constructed using the Einstein- 



frame metric (3.16) without. Demanding that the supersymmetry variations vanish, one 



obtains the differential conditions 8 : 



iff 



ifl- 



,2A(S)-0y,(5) 



-3e 



A(S)-0 



Re 



/xTL") 



,2A(^)-<^^^(5) ^ jiS) 



, 1 2A(S) 
^2 



ifa + h)4'^F-tifa-f,)F 



,2yl(S)-<,i^(5) 



■y-l 



-2ifie 



A(S)-0 



Im T 



,(S) 



dfa = fbdA^'^ , dh = fadA^'^ 



(2.21) 

(2.22) 
(2.23) 



wher e /i i s related to the vacuum expectation value of the superpotential, {W) = /i/zt 



see (5.16)), so that the cosomological constant is A = — 3|yUp|^and ^qF = (—1)^^^ '' -k^F. 



^^To establish sign conventions, the Hodge star associated with a Z?-diinensional metric g with volume 
form r!(5) is defined by *[dx"i A ... A dx"^] = ^^ n'^g]-"''m,^,...mo [dx-^"+' A ... A dx™"]. 
^^In our conventions, the cosmological constant is one-quarter of the Ricci scalar: A = _R(4-)/4. 



The differential conditions on the spinor norms (2.23) can be immediately integrated, 
giving 

fa = he + he , fb = he - he • (2.24) 



Since fa,fb ^ 0, h > 0, and we can set fco = 1 by rescaling the spinors r^!,,. From (2.15) 



(S) 



i„ A Y]^ ' ^ where k = y 1 — kle~^^''^\ Expressed in terms of \E'j_ , the 



we obtain \E^ 

pure spinor equations (|2.21[ 2.22|) become 

d-H ne 
dH 



4yl(S)-0 



Ke 



2A(S)-4, 



Re^ 



Im\E' 



(s) 



(s) 



-hF, 



/i^ 



is) 



+ e 



4A(S)-:{S) 



Pf'F 



Ke 



3A(S)-0^(5) 



-2i^Ke 



2A(S)-<t, 



Im\Ef 



+ ' 



(2.25) 
(2.26) 
(2.27) 



The conditions (2.25 



2.26 



2.27[ ), together with the algebraic conditions on \E'j_ (2.16, 2.17) 
are necessary and sufficient conditions for unbroken four-dimensional A^ = 1 supersymmetry, 
except in the degenerate case k = [SlPj The U(l)/j symmetry associated with four- 
dimensional Af = 1 supersymmetry takes the form 



^ 



(S) 



^ e*^vl>(_^) 



/i -)■ e fi 



(2.28) 



where the superpotential rotates W — )■ e^^W. 



The one-form component of (2.26) implies that 



h 



Ke 



2^<^'-^Imvl/g)) + fciCo 



(2.29) 



is a constant, where the subscript denotes the zero-form component. AdS (/i ^ 0) solutions 
to the se conditions are more restricted than Minkowski (/i = 0) solutions. In particular 

for yU 7^ 0. Moreover, applying dn to 



(2.27) implies Im\E' 



is) 

-(0) 



2.27|) and imposing the 
Thus, for fi ^ 0, 



0. 



source-free Bianchi identity dH = as well as (2.26), we find fikiF 
either h or F must vanish. However, F = implies that A^^^ is constant l8], so that k is 
constant, and we may take ki = without altering the supersymmetry conditions. With 
this caveat, we conclude that AdS solutions require ki = k2 = 0. 



3 The covariant conditions — setup 

We wish to restate the A/" = 1 supersymmetry conditions in a way which makes the SL(2, M) 
covariance of type IIB supergravity manifest. In principle, one could do this by repeating 
the steps taken by (sl [o] in deriving the pure spinor equations starting with a manifestly 
SL(2,]R) covariant formulation of type IIB supergravity and maintaining covariance at each 



step. However, we find it more convenient to work with the pure spinors equations (2.25 , 2.26 
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One can incorporate the degenerate case using SL(2,]R) covariance 36 



2.27). It is then necessary to guess how the pure spinors \l/± transform under SL(2, M). This 
guess can then be vahdated by showing that the supersymmetry conditions are covariant. 

We examine this last inference in detaiL Suppose that we misidentify the transformation 
of the pure spinors under SL(2, M), yet find that the supersymmetry conditions are covariant. 
Cancelhng the SL(2,]R) transformation of the supergravity fields using a genuine SL(2,]R) 
transformation, we find an SL(2,]R) symmetry of the pure spinor equations under which all 
supergravity fields are invariant but the pure spinors transform nontrivially. A symmetry of 
this type can only be an R-symmetry. Thus, we conclude that there exists a homomorphism 
from SL(2,M) to the R-symmetry group Gr, so that Gr contains a subgroup SL(2,M)/i7, 
where if is a proper normal subgroup of SL(2,]R)F^ The only possibilites are H = {!}, 
H = {1, —1}, so that Gr must contain an SL(2, M) or PSL(2, M) subgroup. This is obviously 
impossible for A^ = 1 vacua, since then Gr = U(l). In fact, it is still impossible for extended 
supersymmetry (A/" ^ 2), since Gr is in general a compact Lie group, whose Lie algebra 
does not have subalgebras isomorphic to the split Lie algebra s[2(M). Thus, we conclude 
that the SL(2,M) transformation properties of the pure spinors are uniquely determined by 
the covariance of the pure spinor equations. 

This argument relies on the full SL(2, M) invariance of type IIB supergravity. While only 
an SL(2,Z) subgroup is nonanomalous in the quantum theory, the conditions derived in Is] 
follow from classical type IIB supergravity, and therefore necessarily possess the full SL(2, M) 
invariance. Thus, our approach is not only valid, but additionally presents a highly nontrivial 



consistency check on the pure spinor equations (2.25, 2.26, 2.27), which were derived without 
reference to SL(2,]R) invariance. 

Type IIB supergravity has an even slightly larger, SL-|-(2,]R) invariance, where negative 
and positive determinant transformations are connected by "charge conjugation," a Z2 sym- 
metry which reverses all RR fields and leaves the NSNS fields invariant. Charge conjugation 

(S) (S) ' ' 

acts simply on the pure spinors, taking \E'j_ — )■ — \E'j_ 
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In ^3.1, we review how the SL-|-(2,]R) invariance of type IIB string theory can be made 
explicit to develop the notation necessary to write down the covariant supersymmetry con- 
ditions. In §3.2[ we rewrite the pure spinor equations in Einstein frame, and in ^ 3.3 



we 



show that solutions fall into two classes, "charged" and "chargeless" solutions. After review- 



ing chargeless solutions with strict SU(3)-structure in ^3.4, the often-studied "F-theory 



solutions with imaginary self-dual G3 flux, we consider general chargeless solutions in q4l 



H must be a proper subgroup because the pure spinors transform nontrivially by assumption. 
-"^^This is similar to the 05/09 involution, which combines charge conjugation with —1 S SL(2,Z), but 



has a more complicated action on the pure spinors. 



3.1 The SL±(2,M) covariance of type IIB supergravity 

The bosonic low energy effective action for type IIB string theory written in Einstein frame 






Rm - \ ((V0)2 + e-^\H:,\^ + e2*|Fi|2 + e'^\F^\^ + ]^\h? 






C^AHsAF^, 



(3.i: 



where \Fp\' = ^F^'^-^^^''F^,..m, = Fp ■ F;, H^ = dB^, F, = dCp_i, 



F^ = F^~ CqH^ , F^ = F^ — -C2 A i/3 + -B2 A F3 



(3.2) 



and the equations of motion must be suplemented by the self-duality constraint, F5 = ^lo-^s- 
The bosonic fields may be arranged into singlets, doublets, and triplets as follows: 



Q 



C2 
Bo 



F' 



F3 
H3 






(3.3) 



where 0*-^ only carries two degrees of freedom due to the constraint det^*-' = 1, and 5'''^°^ 
C4, and F5 are singlets. The action can then be rewritten as 



S 






d^"a;V-^(io) 



R 



1 



Ff ■ (Fi) 



(10) -r --t 1 ■ v-' Ijjj - 2^^*^-' 3 



K-fI--|ki2 



•3-41-^51 



+ 



"10 



C4 A Fg^ A Fl . 



where 



(3.4) 



F"^ = d<P'' , F5 = dC4 - -£.,C^ A Fi , £12 



-£21 



-5^2 ^ ^21 ^ ^^ 



(3.5) 



and indices are raised and lowered by left multiplication by eij or e''^ , so that (^3)^ = SijF^. 
Invariance of the action under global A*- G SL-|-(2, M) transformations is now manifest, where 



Fi^K^^Fi , </.^^- -> A^A^'^' , F5^(detA)F5 



(3.6) 



An SL±(2,Z) subgroup of this classical SL±(2,M) symmetry of type IIB supergravity is an 
exact gauged symmetry of type IIB string theory, as manifested by the presence of branes 
(seven-branes and orientifold planes) in the spectrum carrying monodromies of this type. 
This symmetry group has a geometric interpretation in F-theory as modular transformations 
on an elliptic fibration. 
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We employ the supergravity conventions of 



24 



in Einstein frame. 



10 



In some contexts, it is convenient to re-express the bosonic fields in complex combinations. 
We define r = Co + ie~'^ = ti + iT2, so that under SL(2,]R) transformations 

r^'-^.. f°*).SL(2,R). (3,7) 

CT + d \c dj 

One can then check that the complex doublet f = -j^ ( [ ) transforms by an additional phase 
under SL(2,M): 

..(^)a... ,3.8, 

which motivates the definitions of the following complex combinations: 

Gi = '-Ut.Fl' = -dr , A2 = Wl = ^ (C2 - TB2) , G, = UF; = ^ (F3 - tH,) , 

^ T2 VT2 VT2 



(3.9) 
all of which transform by a phase under SL(2,M) transformations, and which we label as 
charge Q = +1, Q = +1/2, and Q = +1/2 respectively, according to the power 2Q of the 
phase factor that they transform by. Notably, half-integer charged quantities change sign 
under —1 G SL(2, Z) transformations, whereas r and integer-charged quantities are invariant. 
Since the phase factor is spatially dependent in general, it is necessary to introduce a 
covariant derivative: 

Dn = dfi+— driAfi , I)^n = --GiAGlAn, (3.10) 

T"2 2 

SO that DQ carries the same charge as Q, though the operator is no longer nilpotent. We 
also define the nilpotent covariant derivatives: 

D±n = D(]±-GiAfi* , i)±n = Dn±-G\An\ (3.11) 

for Q,Q of charge +1/2 and —1/2 respectively. However, these operators are not C-linear 
(e.g. iD± = Dzpi), and so the usual Leibniz rule is not obeyed in general, though the following 
identities may be used: 

D± (fip A Fg) = D±fip AFg + {-Ifnp A dF, , (3.12) 

d (ftp AQq + c.c.) = D±Qp A f]g + (-I)*' Qp A D±li, + c.c. , (3.13) 

for Fq real and neutral, and Qp, Qq of charge +1/2 and —1/2 respectively (or vice versa). 
Using this notation, the G3 Bianchi identity becomes D_G3 = 0, which is solved locally 

by G3 = D 42. The Gi Bianchi identity becomes DGi = 0, and the F5 Bianchi identity and 

local solution become 

dFg = '-G3 AG*, F5 = dG4 + '-A2 AGI + c.c. . (3.14) 
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Extended SL-|-(2,M) transformations may be generated by combining SL(2,]R) transforma- 
tions with charge conjugation, i.e. (Vi) ^ SL±(2,]R), which acts by negative complex 
conjugation: 

T^-r* , Gs^-G* , Fs^-Fs, (3.15) 

where T>VL and J^±VL once again have the same transformations properties as Vt. 

3.2 The pure-spinor equations in Einstein frame 

As a first step towards covariantization, we now show how to rewrite the pure spinor equations 



(2.25, 2.26, 2.27) in terms of the Einstein-frame quantities. We take the following ansatz for 



the Einstein-frame metric: 

dsl, = e'^^y^ ds?4) + e-2^(^) w(l/) dy^^dy" . (3.16) 

Thus, the warp-factor A and unwarped metric g are related to their string-frame counterparts 
by 

A(^)=A + 0/4 , ^(f2 = e^/^-^ Vn , (3.17) 



where g'^^'' is the warped metric which appears in (2.18). 

It is convenie nt to work w ith compatible pure spinors whose associated metric is g rather 
than g^^\ From (2.16, 2.17), we see that this can be accomplished by the rescaling \E'j_ = 



g(?i/4-A)p^^^ We also rewrite the Hodge star as if^'F = e(2^-'^/2)(3-j5)^^^^ ^j^^^^ ^^ jg ^j^g 
Hodge star associated with g. 

Applying these replacements, the pure spinor equations become: 

d^ [«:e(<^/^-^)^e^^ Re ^+] = -3«:e(<^/^-^)(^-=^)e'^/2 j^^ [^^_] ^ g(2A-0/2)(5-p)g2^^^^ ^ (g^^g) 

dn [«e(^/^-^)(^-3)e*/2M/_] = -2t^iKe^^/^-^^^^-'^ Im vl/+ , (3.20) 

where 



K=Jl-kle-^^-'f'. (3.21) 



Depending on the spinor angle, the pure spinors ^± must either take the form (2.16) or 



(2.17) 



The supersymmetry conditions imply that e^"^ *6 -^5"^ is closed. Thus, we may take the 
local ansatz e^^ •e Fg ™ —da. Due to the ten-dimensional self-duality of F5, this implies 

^5 = (1 + ^10)^4 A da, (3.22) 

so that a is related to the external components of C4 via C4 = ^^4, where ^^4 is the 
volume-form for the external directions. The Minkowski supersymmetry conditions actually 
imply that e^^ -k^ Fg is exact, so that a is globally defined, though this need not be the 
case for yU 7^ 0. 
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3.3 Charged and Chargeless solutions 



Solutions to the pure spinor equations fall into two categories, charged solutions and charge- 
less solutions, as we now demonstrate. 



Consider the one-form component of (3.18), the two-form component of (3.20), and the 



three-form component of (|3.19|): 

d 



«:e^^Re^f 
d Ke^H^l'^ 



n,T,(l)l 



fi;Im\I^ 



(2) 



-3fi:e'^Re[//^L^] + da 
-2i/iKlm^J^ , 

k2Hi - fciFg , 



where we rewrite the last equation using (2.29) in the form 

k2 = Ke^''-'^/Hmmf + hCo 



(3.23) 
(3.24) 
(3.25) 

(3.26) 



in order to eliminate Im\&!^ , where k2 is constant as a result of the one-form component of 
(3.19). These equations are consistent with the SL(2,]R) invariance of fi;Re\E'i^ , kW_\ and 



(2) 

fi;Im\E'y , provided that we identify 

as an SL(2, M) doublet. Indeed, these same forms define calibrations for space-filling, domain- 



11 



12 , and therefore must be SL(2, 



wall, and cosmic-string D3 branes respectively 

invariant due to the SL(2, Z) invariance of the D3 brane, as classical supergravity does not 

distinguish between SL(2,M) and SL(2,Z). 

As a further consistency check on this proposal, note that the pure spi nors a lwavs satisfy 
|^W|2/2 + |^^°)|2 = i|i7| Defining r] = KRe¥^^ and 9 = k¥_}\ and using \3.2Q\ to eliminate 

Im^\_ , we obtain: 



\ef/2 + r]^ = l- kle~'^-^ - e-^^+^ {k^ - k,C,f = 1 



\X\ 



where 



-2A 



X 



(fca - rki) 



^2 A 



w 



(3.28) 
(3.29) 



carries charge +1/2. Under these assumptions, (3.28) is manifestly covariant. 

As a final consistency check, note that the — 1 G SL(2,Z) involution of an 03/07 plane 
takes the form (9l: 



K"^^ -> (-1 



^P(p-l)/2 



P(p-l) 



/€^+ , K$_ -^ (-1, 

^^The one-form 9 in (2.17) is normalized so that \Q\ — g~^ (0, 8) — 2. 



K"^. 



(3.30) 
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,(3) 



,(0) 



,(2) 



M) 



(6) 



Thus, k^^l', Klm^Y , «;Re^+ , fi^Im^V ' and /tRe^V change sign under -1 G SL(2,Z), 
whereas the other components are invariant. Therefore, it is consistent to assume that these 
components consist of sums of half-integer charged terms, whereas the other components 

This is consistent with the SL(2, M) 
and fi;Im\l/l^ 

and 



consist of sums of neutral and/or integer charged terms, ^^ 

,(2) 



invariance of k Re '^\^ , k"^ 



r(l) 
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We refer to solutions with Q* = 0, whether Minkowski or AdS, as "chargeless," 
those with Q* 7^ as "charged," due to the presence of a globaly defined SL(2, M) doublet of 
constants. Strict SU(3)-structure solutions with supersymmetric five-branes (e.g. [37]) form 
a well known class of charged solutions, whereas strict SU(3)-structure solutions with super- 
symmetric three- and/or seven-branes (e.g. [38]) form another well-known class of chargeless 
solutions. 

AdS solutions are always chargeless. 



As we saw in ^2.2 



Moreover, calibrated space- 
filling D3 branes can only occur in chargeless solutions, as space-filling (anti-) D3 branes 
are calibrated where r] = +1 (r/ = —1), which, by (3.28), implies x = 0. Additionally, 



the presence of a globally defined charge doublet restricts the allowable monodromies to 
D7 brane and 05 plane monodromies (or SL(2,Z) conjugates of these, depending on the 
frame); this is inconsistent with the seven-brane configurations found in F-theory setups. 
For these reasons we focus on chargeless solutions in this paper, for which, moreover, the 
supersymmetry conditions take a somewhat simpler form. 

Solutions with rj = 1, sometimes referred to as "F-theory solutions" since they arise from 
compactifications of F-theory on Calabi-Yau four-folds in the Sen limit, form a special well- 
studied class of examples. We review the supersymmetry conditions for this case in the next 
section, before moving on to consider general chargeless solutions. 



3.4 F-theory solutions 



By (3.28), rj"^ = 1 implies x = and 9 = 0. Thus, the pure spinors have types (0,3), and 
define an SU(3) structure 

^+ = r/e"^-^ , *_ = ifi , (3.31) 



where f2 is a decomposable three-form and J a nondegenerate real two-form such that 



] 6 ^ 



(3.32) 



The choices 77 = ±1 are related by charge conjugation, under which '$± — )■ — \1'-|-. We consider 



the case r] = +1. The pure spinor equations (|3.18[ 3.19[ 3.20|) reduce to 

„4A 



a 



= H,-e^MF, 



3 ; 



-e'^r 



e^^ * Fi 



(3.33) 



^^One can verify that this is correct by using the known SL(2, M) transformation law for the supersymmetry 
I would like to thank P. Koerber for helpful discussions and correspondence on this point, 
this type were termed "AdS-like" in 



generators e' 



36 



^^ Solutions oT 

^'^The i in (3.31|) is purely coventional 
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dJ = , = JAH3 , d[e'^/2fi] = , = QAH; 



(3.34) 



The conditions involving three-form flux collectively imply that G3 is primitive with Hodge 
type (2,1). Imposing dJ = 0, the last equation of (3.33) implies that r is holomorphic. 
These conditions, together with e'^^ = a, are manifestly SL(2,]R) covariant if the complex 
structure associated to Q is taken to be SL(2,M) invariant, which implies that J is also 
invariant. The third equation of (|3.34|) mav be rewritten in the covariant form DQ = 0, 

where the equivalence of 



The third equation of (3.34) may be rewritten in the covariant form DQ 

-1/2 under SL(2,: 



provided that we take f2 to carry charge 



this expression with (3.34) follows from the holomorphicity of r. Thus, the conditions on 



chargeless SU(3) structure vacua, commonly known as "F-theory" solutions, may be written 
in the simple covariant form: 



-,4:A 



G-,AJ = G-^AQ = , ^G^ = iG:, 



dJ = , — dr Afi = , Dfi = , (3.35) 

T2 



where we take Q to carry charge —1/2 and J to be neutral. 
The supersymmetry conditions for rj = —1 are similar: 



.4A 



-a , G, A J = G, A fi = , *G, = -iG, 



dJ = 



T2 



-dr A fi = , Dfi = , 

(3.36) 

except that we must now take Q to carry charge +1/2, due to the fact that r is now anti- 
holomorphic. We address this apparent discrepancy between the cases 1] = ±1 in the next 
section. 



4 The chargeless supersymmetry conditions 

Having classified A/" = 1 flux vacua of type HB supergravity into charged and chargeless 
backgrounds, we now consider general chargeless solutions. We show how to describe a 
general chargeless SU(3) x SU(3) structure in an SL(2,]R) covariant fashion in ^4.1, and then 



derive covariant versions of the pure spinor equations for these solutions in ^4.2 



4.1 Chargeless SU(3) x SU(3) structure 

We have shown that for rj = 1, the Kahler form J associated to the SU(3) structure is 
SL(2,]R) invariant, whereas the holomorphic three-form Q carries charge —1/2. Deforming 
away from rj = 1 slightly, the SU(3) structure decomposes into a local SU(2) structure as 
follows: 

J = J^ + J^ , fi = ^2 A e . (4.1) 

Since 9 = y^l-ri^Q by diTrHi^ , we conclude that 6 is SL(2, 

-1/2. 



that J2 is invariant and that ^2 carries charge 



invariant, and therefore 
In order to preserve these charge 
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assignments for arbitary rj, we rewrite the ansatz (2.17) by performing an S0(3) rotation on 
the n' 



21 



22 






e-^-^i A 



c^ [I - -J'2 ] + s^ Im ^2 - iJ2 



BA 



s<^ ( 1 - - J, I - c„, Im r22 + ^ Re ^2 



(4.2) 
(4.3) 



r(2) 



SO that j = — Im\[^\_ = c^Ji + J2 is manifestly invariant. 



While (4.2, 4.3) completely specify how the pure spinors transform under SL(2,]R) in the 
chargeless case, the SU(2) structure forms 9, Ji, J2 and fl2 need not be globally defined if 
SU(3)-structure loci (s^ = 0) are present. Instead, we consider the charge —1/2 forms 



U = S^Q2 , P 



1 



1 + 0,^)^2 AG , 7 



1 



c^)^2 A e 



(4.4) 



in addition to the invariant forms r] = c^^, 9 = s^9 and j = c^Ji + J2 defined previously. All 
of these forms are globally defined up to SL-|-(2,Z) monodromies, as they can be extracted 
from the pure spinors directly. In particular. 



,(0) 



,(1) 



r/ = Re ^V ' ^ = ^ 

/3=i(l + r7)vi> 



3 



Im \I^^^^ , Im w = Re vp 



(2) 



Re cu = tRe e Im \E' 



(3) 



(3) 



1 

2i 



Imuo ^9 , 7* 



— (1-?7)^L^^ + — ImwA^, (4.5) 

2i 2i 



where the inner product is computed using the associated metric. The original pure spinors 
can be reconstructed using only these forms: 

1 ~ i 1 

^!+=r] + \muJ-i]--r]f-]^Jl-^\muJ^3 + -J'^ , ^_ = + z(/3 + 7^) - -j^ A^ , (4.6) 

/ o z 

where ji = ^9 A 6 = s'^Ji and j = T]j + ji = Ji + c^ J2. 

We refer to the forms rj,9,j,uj,f3 and 7 as the (chargeless) SU(3) x SU(3) structure 
henceforward, since they are collectively equivalent to the chargeless pure spinors by ( |4.5 ) 
and (4.6 ). The compatibility and purity of \E'± impose certain conditions on the SU(3) x SU(3) 



structure forms. These are readily derived by requiring that 

1 „ . 1 



e 



v^T^ 



--9 , Jo 



1 — rj' 



rJ2 , ^2 



VT 



-U 



(4.7) 



define an SU(2) structure for rf < 1, where j2 = j — VJ = ^'^•^2, and that 

fi = /3 , J = j , 



(4. 



^^Recall that e*"* = ±1 for a chargeless sohition, where the extra sign can be absorbed by redefinitions. 
^^A similar basis was used in 19 
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or 



^ = 1" , J = -J , (4.9) 

define an SU(3) structure for 77 = ±1 respectively, wliere u, 9 vanisli in tlie latter two cases, 



7 vanislies for 77 = 1, and /3 vanishes for 77 = —1. Writing out these conditions using (2.8 



3.32) and simphfying, we find that the SU(3) x SU(3) structure must satisfy: 



^^ ^ 1 , 2^'i A f + -r]f 



4(l + r/2^ 



[/3A;g-7A7] 7^0, 



(l-r7)/3 = -a;A0, (l + r/)7=-u;A^, 

■7 _ 

a;Aa; = 0,jAa;=-?7[^A7-6'A 
-w A d; = j2 - j^ J A /3 = J A 7 = , 



(4.10) 

(4.11) 
(4.12) 
(4.13) 



as well as the requirement that both /3 and 7 are decomposable and the topological condition 
that the associated metric is positive definite. These conditions are necessary and sufficient 
to define an SU(3) x SU(3) structure, and ensure in particular that a; = 6' = for 77 = ±1. 



Referring to (4.5), we see that charge conjugation ^± — > —^± has the following action 



on the SU(3) x SU(3) structure: 

7]^ -T] , 9^-6, 3^-3, uj^uj* , /3 ^ -7* , 7^-/3*. 



(4.14) 



This explains the apparent discrepancy in the previous section where the holomorphic three- 
form carried opposite charge for rj = +1 F-theory solutions and their charge conjugate 
?7 = — 1 counterparts, as the holomorphic three-form is given by /3 (with 7 = 0) in the first 



case, and 7* (with /3 = 0) in the second, so that charge conjugation takes \1/ 
expected. 



4.2 The covariant "pure-spinor" equations 



(3) 



— )■ 



-^L^^ as 



We now show how to rewrite the pure spinor equations (3.18, 3.19, 3.20) as covariant differ- 



ential conditions on the chargeless SU(3) x SU(3) structure. Writing them out rank by rank 

= 2i/ij , dj = , 



using (4.6), we obtain: 



d [e^^r]] =da- 3e^^ Re [fL9] , d [e^^ 



d[e^^+'f'/Hmoo] 



Ve'^Hs 



e4^+'^^F3 + 3e'^/2lm[/x(/3 + 7)] 



d [^e^/' (/3 + 7)] = e^^i/g A9 + 2z/ie'^/2-2A i^^ ^j 



:VJ +jAji 



_^2A+4>/2 i^ujAHs- e^* * Fi - ^e^-2^j2 A Re m 



d[e'^/^-2^ImwAJ] =3 AH3 



(4.15) 
(4.16) 
(4.17) 

(4.18) 

(4.19) 
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'2A-2 



fAO 



ie^/\P + 7^) AH3 + 21^16^-^"^ ^f 



1 
6" 



(4.20) 



The conditions (4.15) are already covariant. We decompose the conditions (4.16 - 4.20) 
into covariant pieces, introducing noncovariant undetermined currents, which we label as 
"separation forms." To accomplish this decomposition, we use the following replacements 



e^"F^ 



(G3 + G: 



3; ) 



'H^ = o (^3 - G. 



3J 5 



1 



e^Fi = ^ (dr + dr* 
2t2 



2n 



(dr-dr*) , 



as well as the useful identities 



2T2 



(4.21) 
(4.22) 

(4.23) 



for ^ of charge —1/2. 



The three- form equation (4.16) decomposes into 

D+ [e^^u] = ve^^Gl - ie^^ * G* + 3/i/3 - 8^7 + X3 



where I3 is a real separation form. The four-form equation (4.17) decomposes into 

D/3 - -^dr* A 7* = -le^^Gl A9- ifie-^^u Aj + Ja, 
2t2 2 

D7 - — dr* A(3* = -e^^Gl A0- ifie'^^u Aj-J*, 
2t2 2 



(4.24) 

(4.25) 
(4.26) 



where J74 is a complex separation form. The first five-form equation (4.18) decomposes into: 

1 



1 



•k — dr 
':Vf + J A ji 



.;^dr A ( ^rif + J A ji j + ^e^^u* AG3 + J5.. 
■\e^^ Re [u A G^] - ^e'^^j^ A Re [jiO] - Re J5 



(4.27) 
(4.28) 



where jTs is a complex separation form. The second five-form equation (4.19) decomposes 
into: 

D+[e-2^u;AJ] = 3 AG^+X^ , (4.29) 



where X5 is a real separation form. Finally, the six-form equation (4.20) decomposes into 
^1 



e-^^j^ A e 



l,^e-^^j3 _ 1 (/3 A G3 - 7^ A G^) + ^(Je - K,) 

= 7* A G3 + -^e-2^dr A j2 A ^ + Jg , 
IT2 



(4.30) 
(4.31) 



= l3AG* 



2t, 



-e-^Mr" AfA9 + ICe 



(4.32) 



where jTe and /Cg are complex separation forms. 



To show that the conditions (4.24 - 4.32) are covariant, it is sufficient to prove that all the 



separation forms X3, J'4, X5, jTs, jTe, and /Cg must vanish. The derivation is rather technical. 
We consider the cases if = 1 and rf < 1 separately, either one of which must hold at any 
point of interest, regardless of whether either is true globally. In the former case we apply 



the Hodge and primitivity decompositions with respect to the local SU(3) structure (4.8) 



or (4.9), and in the latter we decompose with respect to the local SU(2) structure (4.7). In 



either case, applying the SU(3) x SU(3) stucture constraints (4.10 - 4.13) and the covariant 



conditions (4.15), one can show that all separation forms must vanish. This derivation is 



summarized in Appendix [A} 

We then obtain the explicitly covariant supersymmetry conditions^ 



d [e^^r/] = da - 36^^ Re [^0] , d [e^'^O] = 2ifij , dj = 
-le^^GlAe-tfxe-^'^uAj , 



D/3 dr* A 7^ 

2T2 

D7 - — dr'^ A /3' 
2t2 



-2A, 



e'^'Gl A 9 - ifie-'^'cj A J 



D+[e-'^UJAj]=jAG\ 
1 



3 ' 



-2A-2 



fAO 



Ufie-'^f _ 1 (/3 A G3 - 7* A Gl) 



as well as 



1 



-k—dr 
r2 

;Vf +j Aji 





-^dr A (^rif +jAjA+ ^e^^tu' A G3 , 
-^e^^ Re [u A G3] - ^e-'^f A Re [fiO] , 



7* A 6-3 + 7— e 

2T2 



/3AG^ + 



2T2 



-^""drAfAO 
2^dr* AfAe 



(4.33) 
(4.34) 

(4.35) 

(4.36) 
(4.37) 
(4.38) 



(4.39) 
(4.40) 
(4.41) 
(4.42) 



In fact, (4.33 - 4.38), together with the algebraic constraints (4.10 - 4.13), imply the remain- 
ing equati ons, (|4.39 - 4.42). This redundancy is not surprising, given that five noncovariant 
equations (4.16 - 4.20) have been shown to imply, taken together with (4.10 - 4.13, 4.15), 



nine covariant equations (4.34 - 4.42). 



^•^Recall that the forms ?], 6, j, w, P, and 7 are equivalent to the chargeless pure spinors by (4.5 4.6); we 
prefer them to the pure spinors due to their simpler transformation properties under SL(2,M). 
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To establish this last result, we follow similar steps to those taken to derive the covariant 
conditions. We add arbitrary forms jTs, A^s, jTe, and /Ce respectively to (4.39 - 4.42) and 



then show that these forms must vanish upon imposing the other supersymmetry conditions. 
The math is now very similar to that used to derive the covariant conditions. In particular, 
for rf <1, the same steps that led to (A. 14, A. 17) show that Jg = /Ce = as a consequence 



of ( |4.34| |4.35| |4.36[ ). Similarly, t he ste ps whi ch led to ( |A.18[ ) and ( |A.53| |A.57[ ) show that 
jTs = 0, and those which led to (A.23) and (A. 56) show that M.^, = 0. The special case 
1] = ±1 is readily verified. 



Even so, the redundant conditions (4.39 - 4.42) are sometimes useful in computations 



5 Consistency Checks 

Having established our main results, the distinction between charged and chargeless solu- 
tions, the SL(2,]R) transformation properties of the chargeless pure spinors (4.6), and the 



SL(2, ]R)-covariant supersymmetry conditions (4.33 - 4.38), we now perform a few additional 



computations as consistency checks on these results. In ^5A, we review the supergravity 
Bianchi identities, and show that they imply the flux equations of motion upon imposition 
of the supersymmetry conditions, a known result which we are able to rederive relatively 



easily. In ^5.2, we show that the flux superpotential proposed in [30| is SL(2,]R) invariant, a 
new result which presents a further consistency check on our calculation and on the proposed 
superpotential. 



5.1 Equations of motion 

In addition to the supersymmetry conditions, four- dimensional A/" = 1 vacua must satisfy 
the supergravity Bianchi identities 
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d[e-®^*da] =--G3AG^ , D^Gs = 



and equations of motion: 



d * dA = -e^^Gg A ^G\ + ^e-^^^da A *da + Ae-^^fig , 



D+ [e^^ ^ Gs] = ida A G3 , D 



1 

4 

7»r— dr 

T2 



-AA 



e^^GsA^Ga, 



Rran = SV^AV^A - -c"^^ V„aV„a + ^ [VmrVnf + c.c] + -e^^f^n - Ae"^^^, 



(5.1) 

(5.2) 
(5.3) 

(5.4) 



^''^Our distinction between "Bianchi identities" and "equations of motion" is consistent with that made 
in |8| ; the RR Bianchi identity dFi = is imphcit in this formahsm, since r is specified directly. 
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where A = 7^.(4) /4 is the four-dimensional cosmological constant, Rmn is the Ricci tensor 
formed from the unwarped metric gmn, contractions and Hodge duals are formed using gmn, 
and 

Fortunately, one can show that the supersymmetry conditions, combined with the Bianchi 



identities (5.1), imply the remaining equations of motion (5.2, 5.3, 5.4) 39 . This result can 



be extended to include calibrated D-branes, wherein the bulk supersymmetry conditions 
and Bianchi identities, together with the calibration equations, imply all remaining bulk and 
brane equations of motion |i40|. 

For completeness, we partially reproduce this result for the chargeless solutions considered 
here. While we do not impose calibration conditions, we do not exclude sources explicitly, 
and do not impose the source-free Bianchi identities in the following derivation, apart from 

the Bianchi identity D 



Mr 

T2 
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Applying D+ to (4.34) and simp 



ifying using (4.35, 4.36, 4.33), we find: 



D+ [e^^ * Gs] = tda A Gg + ir/e^^D^Gg (5.6) 

Thus, in the absence of sources, the G3 Bianchi identity implies the G3 equation of motion. 



Applying D to (|4.39|) and simplifying using (|4.40[ 4.34[ 4.41[ 4.42|), we find: 

1 



D 



-k—dr 

T2 



-T^e^^Gs A *G3 + -e^^w* A D^Gg 



1 

— ( 
2 



(5.7) 



Thus, in the source-free case, the axodilaton equation of motion also follows from the G3 
Bianchi identity. 

To obtain the warp-factor equation of motion from the Bianchi identities, we use the 
identity 

= ^e-^^ * d [(1 - r]^^] - K"^ Im [u A G3] - ^r,f A Im [jie] (5.8) 

which can be shown to follow from the supersymmetry conditions. Combining this with 



r]e ^^ times the Hodge star of (4.33), we obtain 




e-^^ ^ d [e^^] - -e"^ Im {uj A G3] - r/e"^^ * da 



(5.9) 



Taking the exterior derivative of this equation, and applying (|4.34[ 4.40| 4.38|), we obtain: 

1 







4d^dv4-;e^^G3A*G* 



e"*^da A*da-hl2|/xpe- 



-4A 



1-3 1-2 ■ 

77^J +;^J Aji 
6 2 



^^Violating the Bianchi identity D 



-dr 



in an SL(2,Z) covariant formalism requires SL(2,M) to be 

gauged and spontaneously broken to SL(2,Z), which is beyond the scope of this paper. This gauging is 
necessary in the vicinity of a seven-brane, due to the topological defect caused by the monodromy. 
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— rje 



4A 



d[e-«^^da] +-GsAG* 



e'^Im[tjAD_G'3 



(5.10) 



The first line is the source-free A equation of motion with cosmological constant A = — 3|/ip. 
Thus, this too follows from the Bianchi identities in the absence of sources. 

The chargeless supersymmetry conditions also impose constraints upon D.Gs itself. Ap- 



plying D to (4.35, 4.36) and simplifying using (4.37), and applying D+ to (4.37) itself, we 
find: 

D_G'3A0 = D_G'3A^ = D_G'3Aj = (5.11) 



Moreover, taking the exterior derivative of (4.40) and simplifying using (4.34, 4.38, 4.39), we 
obtain: 

Re[a;AD_G3] = (5.12) 

These equations constrain the form of possible source terms consistent with Af = 1 super- 
symmetry, though such questions are more thoroughly addressed by the study of D-brane 



calibr at ions 10-12 



While it is possible to derive the Einstein equations (5.4) from the supersymmetry con 



ditions and Bianchi identities 139], we do not attempt to reproduce such a computation in 
this context. 



5.2 The flux superpotential 

The off-shell flux superpotentiaP^ 



W 



4Kfo 



,3A(s)-0-..(5) 



^'_',F + zdH 



Re^ 



is) 



(5.13) 



has been proposed 30 41 as an appropriate generalization of the well-known Gukov-Vafa- 



Witten superpotential [42| |43] to general SU(3) x SU(3) structure compactifications with 
equal spinor norms (fci = 0). Since SL-|-(2, Z) is an exact gauged symmetry of string theory, 
W must be SL-|-(2,Z) invariant. As usual, we expect that this is enhanced to SL-|-(2,]R) 



invariance in tree- level supergravity, so that the integrand of (5.13) must be neutral under 

SL(2,M). 

We now verify that this is the case for chargeless solutions. Applying the chargeless 



ansatz (4.6) to (5.13) and simplifying the integrand using (4.10 - 4.13), we obtain: 



W 



4Kfo 



G3A/3 + G*A7* + -/3AD[e 



+ 



4kIo 



2A 



-2^a;1 



1 



7* A D[e" 



-2A 



U 



^2A, 



e AF^-ie Aj A d[r/e-^^j] - i e~^^j A ji A d^ 



(5.14) 



^^Speci fica lly, this is the superpotential of four-dimensional "Weyl-invariant supergravity," as explained in 
detail in 



30 



The more-standard Einstein supergravity superpotential is then We = e ^" W, where K is 



the Kahler potential. I thank P. Camara for discussions on this point. 
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Comparing with (4.14), we see that the superpotential is SL-|-(2,]R) invariant. Moreover, for 
?7 = 1, it truncates to the famihar Gukov-Vafa-Witten result: 



»''=4^/«»'^"- 



(5.15) 



where fi = /3 is the holomorphic three-form. 

Applying the supersymmetry conditions (4.33 
grand, we find 



4.42) to (5.14) and simplifying the inte- 



{W) 



/^ 



"10 



d^yy/ge 



-4A 



/i 



K 



2 ' 



(5.16) 



for a supersymmetric vacuum, where k1 is the four-dimensional Newton constant. This is 



-34\W\^ 



-3|/i| 



consistent with the supergravity result A 

The SL(2, M) covariance of (5.14) is a highly non-trivial consistency check on the proposed 



superpotential (5.13), as the latter was developed using D-brane and Euclidean D-brane 



physics l30j without imposing SL(2,Z) invariance. 



6 Conclusions 



We have shown that geometric A/" = 1 vacua of type IIB string theory fall into two classes, 
which we label chargeless and charged solutions. Chargeless solutions are particularly inter- 
esting from the perspective of F-theory, as they allow in-principle arbitrary combinations of 



SL(2,Z) monodromies. We have derived simple algebraic (4.10 - 4.13) and differential (4.33 



4.38) conditions for chargeless supersymmetric solutions which are manifestly SL(2, 



covariant. Together with the Bianchi identities (5.1), these are necessary and sufficient 



conditions for chargeless supersymmetry. The success of this endeavor is a non-trivial con- 
sistency check on the pure-spinor equations of Is], which do not make the SL(2, M) invariance 
of the theory manifest. 



We have also demonstrated that the flux superpotential proposed in 30 is SL-|-(2, 



invariant for chargeless SU(3) x SU(3) structure, obtaining the covariant expression (5.14). 

The formalism presented here should prove useful to the study of generalized F-theory so- 
lutions, where SL(2, Z) covariance plays an essential role. It also provides a useful alternative 
perspective on previous approaches to the classification of A/" = 1 vacua using generalized 
complex geometry. 

One might hope to extend these methods to charged solutions. Indeed, in the case 
of strict SU(3) structure, the calculation is relatively straightforward, and results in a clean 
restatement of the supersymmetry conditions on an already well-studied class of vacua. There 
are indications that the SL(2,]R)-covariant supersymmetry conditions on general charged 
vacua should be relatively simple, but an explicit derivation of these conditions is hampered 
by the difficulty in determining the SL(2,]R) transformation properties of the pure spinors. 



since the considerations of ^4.1 no longer apply. A more direct approach using the known 
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SL(2,]R) transformation law for the supersymmetry generators e* may be indicated. We 



return to these questions in a future work 36 
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A Derivation of the chargeless SUSY conditions 



In ^4.2, we showed that the pure spinor equations (3.18, 3.19, 3.20) can be rewritten in the 



form (4.15, 4.24 - 4.32) for arbitrary real separation forms X3 and X5 and complex separation 



forms J74, jTs, jTe and /Cg- We now show that these separation forms all vanish, proving that 
the supersymmetry conditions are covariant. 

We consider the cases 77^ = 1 and r/^ < 1 separately, in ^A.l and ^A.2 respectively. 



A.l SU(3) structure loci (77 = ±1) 

We first prove that the separation forms vanish at a locus where 7/^ = 1. We consider the 
case T] = +1 {rj = —1 is related to this by charge conjugation). Note that the SU(3) x SU(3) 



structure constraints (4.10 - 4.13) and (4.15) imply the conditions 



d^ = 27/ie-2^, 

[M{0,3) = [dw](l,2) = ' 



j Adu = 



d7 = 0, 

du A(3* = -Aifie-^^f 



(A.l) 
(A.2) 



where Du = D+w = du, since w = 0, so that the connection terms vanish, and the Hodge 
decomposition is taken with respect to the locally defined almost complex structure (3. This 
complex structure need not be integrable. However, the (1, 2) component of da; must still 
vanish, since w is a (2, 0) form which vanishes where r] = 1, so that u A /(2,i) = for any 



(2, 1) form /. Taking the exterior derivative and imposing u 
since / is arbitrary. 



0, we recover [du] 



(1,2) 







Written out, (4.24 - 4.32) reduce to: 



e'^dw = e^^[G* -ti.Gl] + 3/^/3 + X3 , D/3 = J4 , T^dr* A /3" = J^ , 

2X2 



ic—dr 

T"2 



2t, 



-drAf + J^ ,ReJ5 = 0, jAG^+Xg 



(A.3) 
(A.4) 
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-tfie 



'4A-3 



f + l^AGs-^iJe-ICe 



Je = , ^AGl + JCe 



(A.5) 



Wedging /3* into the first equation of (A. 3) and simplifying, we find X3 A /3* = 0. Tlierefore, 
since I3 is real, X3 = (2, 1) © (1, 2). However, the rest of equation only has (3, 0) © (2, 1)^ © 
(1, 2)^^^ © (0, 3) component sp| Since X3 is real, this implies that it must vanish, and therefore 



in particular G^^i) = G 
vanishing, since it is real. 



^(3,0) 



0. Thus, /Ce = and X5 = j A (2, 1)^^ and is therefore 



Writing out the Hodge star in the first equation of (A.4), we find 



2t, 



-f Adr = J, 



(A.6) 



However, since jTs is imaginary, we conclude that it must vanish, and therefore dr = 0. 



Applying this to (A. 3), we find J74 = 0. Thus, all the separation forms must vanish at a 
locus where r] = 1. A similar argument applies to the case 77 = —1. 

A.2 Local SU(2) structure (r/^ < 1) 

Now consider a point where 77^ < 1; we can define a local SU(2) structure J2, ^2, and G via 



(4.7). Using this SU(2) structure, we can decompose an arbitrary forms according to their 6 
and 6 fiber components, as well as their Hodge type and (for (1, 1) forms) their primitivity 
along the base. Thus, for instance, an arbitrary three-form decomposes as 



M3 = M. 



l;l,0 



Mee;o,i + M.2,1 + Mi,2 + Me;2,o + Me;o,2 + Mg.^fi + ^e;0,2 



(A.7) 



+ ^e;(l,l)P + ^e;(l,l)P + ^e;(l,l)NP + ^e;(l,l)NP , 

and an arbitrary four-form as 

N4 = N.2,2 + ^ee;(l,l)'~~'P + ^ee;(l,l)P + ^6»e;2,0 + ^ee-fl,2 + ^l9;2,l + A'i9;l,2 + ^0;2,1 + ^e;l,2 • (^-8) 

Note the use of the semicolon to distinguish this from an ordinary Hodge decomposition; 
e.g. M-i 2 7^ ^(i,2)i since the former has legs along the base only. Many of these components 
can be written as scalars times the SU(2) structure forms, for instance M5i.(i i)np oc A J2 
and A'';2,2 oc J2, etc. 

We use these decompositions to show that the separation forms vanish. To begin with, 
we consider the A (1, 1)^ and ^ A (1, 1)^ components of (4.24), along with the Ji A (1, 1)^ 



components of (4.25, 4.26): 



e'^ Me;(l,l)P 



-,2A 



(l + r/)e^^[G'e-;(i,i)p]*+Xe.(i,i)P, 
e"" [Dw]e;(i,i)p = -(1 - Vy^^ [G'0.(i,i)p]* + X0.(i_i)P , 
Me-;(i,i)P A e = -e^\l - 77) [G,;(i,i)p]^ A ^ + 2(1 - r/) J^ki.dp 



(A.9) 
(A.IO) 
(A.ll) 
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The superscripts P and NP denote primitive and non-primitive components. 
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Me;(i,i)P A ^ = e^\l + r/) [Gb.,(i,iA ' A ^ - 2(1 + r^) [ J'm;(i,i)p] ^ 



(A. 12) 



Wedging 6 and ^ into (A. 9) and (A.lOh respectively, and combining them with (A. 12) and 



(A. 11) to ehminate G3, we find 



= e-2%(i,i)pA^ + 2(l + r/)[j,,-^(i,i)p]* , = e-^%(i,i)P Ae-2(l-r/) J,e^(i,i)P . (A.13) 

Using the reahty of X3, we deduce that X^.^ -^xp = X^.^ ^>p = i7gg.^ ^-f = 0. 

We extract further components of the separation forms by wedging them into various of 
the SU(2) structure forms. Wedging j A6 and j A6 into (4.24) and combining with 6 and 6 
wedged into (|4.29|), we find that X5 A 6* = X3 A j A 6* = 0, as well as Gs A j A 6* = Ga A j A ^ = 0. 



Wedging j and 9 into (4.25), we obtain J4A6 = J4AJ = 0. 



Now consider /3 and 7 wedged into (4.24). Integrating by parts, applying (4.25, 4.26) 



and using (4.31, 4.32) to eliminate G3, we obtain: 

X3 A /3 + e^^Ji Auj + 2r/e^^/C6 = , X3 A 7 - e^^ J"/ A w + 2rie^^J* = 
where we make use of the identities 

tu* A(3 = {1 + ri)f AO , w A 7* = (1 - T])f A 9 , 
and 



i.e 



-f Ad , i<j3 = -if3 , *7 = Z7 , -k{j A9) = -ij A 9 



(A. 14) 

(A.15) 
(A.16) 



We also consider ^u A9 and ^u A9 wedged into (4.24). Integrating by parts and using (4.31 



4.32) to eliminate G3, we obtain: 

X3 A /3 + (1 + r/)e^^/C6 = , I3 A^ - {1 - 7])e^''J, 



6 







(A.17) 



where we cancel an overall factor of (1 — r^) from the first equation and (1 + r/) from the 
second; these equations still hold in the special case 77 = ±1, since they then follow from 



(A.14). 



Wedging 9 and 9 into (4.27) and using (4.31, 4.32) to eliminate G3 as before, we obtain: 
J5 A ^ + (1 + r/)e2V6 = , J5 A ^ + (1 - r/)e'^/C^ = . (A.18) 



Next, consider (4.28) wedged into 9: 
= -i/ij2Aji + e2^dr7Aj^A^ + e^^(l-77)G3A/3 + e^^(l + r/)G*A7* + 2e^^Re JsA^ . (A.19) 



We compare this with the wedge product of /3* and 7* with ( |4.24 ). Integrating by parts, 
applying (4.25, 4.26), and simplifying, we obtain: 



-«/^J Aji-e'^dr/Aj'A^-(l+r/)e^^G3A7-(l-77)e^^G*A/3*+e'^a;AJX+X3A/3* = , (A.20) 
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-infAji+e^Mr]AfAe+{l-r])e^'^G3A/3+{l+r])e^'^GlA-f*-e^^ujAj^+l3A^* = , (A.21) 
where we use 

2{l + r])f + UJAu* Aj-3iPAP* = -2{1 -r])f + u Au* A j +3i^ Aj* = -f Aji , (A.22) 

which can be verified a number of different ways. Thus, we find: 

l3A(3* + e^'^ujAj^ + 2e'^^ReJ5Ae = , X3 A7*-e^^w A J4 -2e2^Re J5 A0 = . (A.23) 



Finally, consider i^tu* A9 wedged into (4.24). Integrating by parts and simplifying, we obtain: 



= 2z^r7f Aji-e-^^-^r-^^ 



+ (l + r7)X3A7* + (l-^)X3A/3 
where we use 



d [e^^(l - 7]^)] AfAe + {l + nfe^^Gl A 7^^ - (1 - vfe^^G-i A /3 

(A.24) 



2(1 - T]^)f = 3(1 + r])i-f A-f* + 3(1 - r/)i/3 A /3* , uj A uj" A j = 2r/j^ A ji 



To simplify the above expression, we employ (4.30), written in the form: 

1 



= -l^^^f + le-'^de'^AfA- 



^e'^ (/3 A G3 - 7-^ A Gl) + ^e'^iJe - K, 



as well as (A. 19). We find 

= (1 + r^)X-i A 7* + (1 - r/)X3 A /3 - 47/6^^ Re J5 A + (1 - ri^)e^^{jQ - /Cg 



(A.25) 



(A.26) 



(A.27) 



Equations (A. 14, A. 17, A. 18, A.23, A.27) constitute nine conditions on the eight variables 



X3 A /3, X3 A 7, J74 Aw, J4, A u*, J'q, /Cg, jTs A 9, and jTs A 9. Thus, one might expect that 



we can solve for all eight variables. Indeed this can be done, even without (A.27); it is 
straightforward to check that all of them must vanish: 



X3A/3 = X3A7 = , J^Alo = JiAco* = , Je 



/Cfi 







J5A9 = J^A9 = 0. 
(A.28) 
Together with the constraints derived previously, this implies that X3, J74, X5 and jTs take 
the form: 

^3 = ^e9;l,0 + 2^;2,1 + C.C. , J'4 = J70;2,l + >Je;l,2 5 ^5 = ^99:2,1 + C-C. , jTs = J'e0-2,1 + '^99;1,2 ■ 

(A.29) 



tively and apply (4.29) to obtain 



To extract the relevant components of (4.25, 4.26), we wedge them into 9 and 9 respec- 



= -e-^^d re"^(l + r/)l A a; A j - e^^ \j + jl A G* + -dr'^ A a;* A ] 

T2 

+ ij4A^-e'^(l + r/)X5, 



(A.30) 
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= -e-^^d [e"^(l -r])]AuA]-e^'^ [j - j] A G^ + -dr* A t^^ A j 



(A.3i: 



Similarly, to extract the relevant components of (|4.24|), we wedge it into j and ji and simplify 

(A.32) 



using (4.29) to obtain: 

= -e-^^d [e^^r/] A w A J - ie^^ * G* A j + Xg A j - r/e^^Xg , 
= -e-^^d [(1 - r/2)e«^] A u; A J - e^^G^ A [j - r/j] - ze^^ * G^ A ji 
+ X3Aji-e^^(l-r^^)X5. 



To simplify these expressions further, we use the identities: 

j Ai^il = —ij A ((l2,l — ^1,2 ) , j Ai^il = —ij A ( ^2,1 — ^1,2 / , 



(A.33) 



(A.34) 



where the Hodge decomposition is with respect to /3 (or, equivalently, 7) and Cl is any 
three-form satisfying f25i.(i i)np = fig.(i i)np = 0. To prove these identities, note that we can 

decompose Q = j Av + j Aw + . . ., where the omitted terms vanish when wedged into j and 
j. One can then show using the primitivity decomposition that 



n 



-i (vifl - t;o,i) A j - i{wifl - Wo,i) A j + . . . . 



(A.35) 



The identities (A.34) are now easily verified. 



Thus, (A.32, A.33) become 
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= -e-^M[e^^7^] AcuAj- e^^G^^^) A J + X(2,i) A j - r^e'%^,2) , (A.36) 

= e^^G^2,i) A ~3 + X(i,2) A 3 - r/e^^X(2,3) , (A.37) 



0=X(i,2)Aji-e^^(l-r7^)X(2,3) 



= -e-^^d[(l - r/^)eH A u; A j - 2e^^G^i,2) A J2 + X(2,i) A ji - e^^(l - r/^)X(3,2) , (A.38) 



(A.39) 



where ji = j — i]j and J2 = j — VJ- Similarly, (A. 30, A. 31) become: 







-,-4A ir^4A/ 



2A( 



d[e4^(l +v)]AioAj- e'^lj + j] A G^,^,) + z J-(3,i) A 6 - e^^(l + r7)X(3,2) 



(A.40) 



= -e^^[j + j] A G%u + -dr* A a;^ A j + z J-(2,2) A 6 - e^^(l + r/)X(2,3) 



T2 



(A.41) 



-4:A -11 AA/ 



d[e^^(l - r^)] A u; A J - e^^[j - j] A G^i,2) + ^:7-(^2,2) A 6 - e^^(l - r7)X(3,2) , 







e'^b - 3] A G^2,i) + -dr* A 00* A j + tj^.u A 9 - e'^{l - 7])I(2,3) ■ 



T2 



(A.42) 
(A.43) 
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To clarify notation, G^^^^ = [G(p,,)]* = [G*]^^^„^ + [^^(p,,)- 
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We combine these equations to eliminate G3 and dr, leaving: 



= 2X(i,2) A J + 262^^(2,2) A ^ - ^e^^ j;*,!) A 6 - 4r]e^%2,3) 

= X(i,2) A ji- 6^-^(1 -r72)X(2,3), 

= -2X(2,l) A J + 26^^ ^-(3,1) A ^ - 26^^ J-(^2,2) A 9 , 



(A.44) 
(A.45) 
(A.46) 



= -X(2,i) A [ji + 2r]j] + 26^^ J(3,i) A ^ + ^e^^ J-A 2) A - e^^(l - r/2)X(3,2) • (A.47) 



Applying the Hodge decomposition to (4.27, 4.28) and extracting the relevant compo- 
nents, we obtain: 



= J7-(3,2) , (A.48) 

= --dnr A j A j2 + ]e''''{l - v'P'' A G(2,i) + J(l - r/^) ^"(2,3) , (A.49) 

T2 4 Z 

= ^e-«^an[(l - r/2)e«^] A j A j2 - ^e2^(l - v')co* A ^1,2) - (1 - r/')[Re J5](2,3) , (A.50) 

where du is the projection of the scalar gradient onto antiholomorphic directions along the 
base, j2 = j — VJy ^^d G^ = Gqq.iq + Gqq.qi + G';2,i + G';i,2 consists of the components of 
6*3 with an even number of legs along the fiber. The latter two equations can be usefully 
restated using the identity: 



«1,0 A J2 = 2^0,1 A ^2 ^ WQ^l^J2 = --Vlfl^9-2, 

for any SU(2) structure, where v and w point along the base. In particular, 

^^2,1 Aj2 = t(1 -^^)Wl,2 Aw ^ U)l,2 A J2 = -^^2,1 A W"^ , 



(A.51) 



(A.52) 



for any f , w with an even number of legs along the fiber, since J2 = -5^ ^2- Thus, taking 
•-^5 ~ [i'^i^ +^ A ji] A jTi, where J7i points along the base, we obtain: 



1 ~ i 

= - Jjo,!) A tj A J dr A a; A J - e^^j2 A ^(2,1) 

/ r2 



(A.53) 
(A.54) 

(A.55) 

(A.56) 
= e'^ J-(o,i) A u;^ A j - 2^e^^ J-(2,2) A 6 + 2e^^(l + r7)^X(2,3) - 2(1 + r/)X(i,2) A j . (A.57) 



= -e-'^d [{1 - r]^^] A c^ A j - [Re Ji]^^^,) A c^ A j + e^^js A ^1,2) 



Combining with (A. 37, A. 38, A. 41) to eliminate G3, we find: 



= X(2,i) A ji - e^^(l - r/2)X(3,2) - 2e^^ [Re :7i](o_i) A w A j 
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The conditions (A. 44 - A. 47, |A.53 A. 56, A. 57) constitute seven equations in seven 



unknowns: X(2,i) A j, X(2,i) A j, X(3,2), J(3,i) A 9, J'(2,2) A 9, j7(i,o) A tj* A j and J^o,!) A tj A j. 
One can check that the only solution is 

X(2,l) A J = X(2,l) A J = , X(3,2) = , J(3,i) A ^ = ^-(2,2) A ^ = , ^(1,0) = Jio,!) = . 

(A.58) 
Taken together with the constraints derived previously, we see that all separation forms must 
vanish, so that the supersymmetry conditions are manifestly SL(2,M) covariant. 
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